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Electric Charge
Electric chargeis a scalar quantity. Electric chargeis conserved — charge can neither be created nor
destroyed, only transferred from one body to another.

e S.|.unit—coulomb(C)
e C.G.S.unit —stat-coulomb (esu)
e 1C =3 x 10 stat-coulomb

Quantisation of Charge

Charge transferred from one body to anotheris always in discrete form — anintegral multiple of the
minimum amount of charge.

QUANTISATION OF CHARGE
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Heree = 1.6 x 107!? Cis the elementary charge and n is the number of charges transferred, n = g

e

Charge also shows an additive property, i.e. individual charges are added or subtracted algebraically
to get the total charge.

Coulomb’s Law

The force of attraction orrepulsion between two point chargesin air/vacuumi is directly proportional to
the product of the charges and inversely proportional to the square of the distance between them, and
acts along theline joining the two charges.
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Forair/vacuum:



Forany other medium:
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where K is the dielectric constant (relative permittivity) of the medium. Comparing the two forces,

EFFECT OF MEDIUM
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Validity of Coulomb’s Law

e Coulomb’slawis obeyed only for point charges, not for a distribution of charges.
e Coulomb’slaw holds only for static (stationary) charges.

e The separation between the charges must be greater than 10~!* m (nuclear size), because at
separations of 10~ m the strong nuclear force dominates over the electrostatic force.

Coulomb’s Lawin Vector Form

Considertwo point charges ¢; and g, at positions with position vectors #; and 7, from an origin O. By the
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so that, asrequired by Newton’s third law,

Fiy = —Fy, Pl = =i

Superposition Principle

According to the superposition principle, the force acting on a test charge due to a group of chargesiis
equal to the vector sum of the forces due to each individual charge, acting alone.
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Worked problem

Fourpointcharges g4 =2 uC, gg = —5uC, g0 =2 uC, gp = —5 uC arelocated at the corners of a
square ABCD of side 10 cm. What is the force on a charge of 1 uC placed at the centre O of the
square?

The centreis equidistant from all four corners: splitting each side atits midpoint gives two legs of
5cmeach, so

OA=0B=0C =0D = /52 + 52 = 5v/2 cm

Aand C (opposite corners, equal charge) are equidistant from O along the same diagonal, so the
forces they exert onthe centre charge are equal in magnitude and opposite in direction, Fos=
—ﬁog. The same holds for Band D, ﬁ’OB = —F‘OD.

Fo=Foo+ Foc+ Fop+Fpp =0

Answer: The net force onthe 1 uC charge at the centreis zero.

Electric Field

The electric field is the space around a charged body in which a test charge experiences a force of
attraction orrepulsion.

Electric field intensity is the force acting perunit test charge:
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Foratest charge g, placed at distance r from a source charge ¢, the force onitis F' = 32(10 7,80
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Plotting field intensity against distance from the charge gives a curve that falls off sharply and flattens
out atlarge r — theinverse-square fall-off of E withr.

Electric Field Lines

Fieldlines point radially outward from a positive charge and radially inward toward a negative charge.



e Electricfieldlines are, in general, discontinuous — but the field line directly between two point
chargesis continuous.

e FElectric fieldlines neverintersect each other —if they did, the field at that point would have two
directions, whichis not possible.

e Electric fieldlines are crowded where the field is strong and wider apart where the field is weak.
e Electric fieldlines never form closedloops.
e Electric fieldlines are outward orinward normal to a charged body (the surface of a conductor).

¢ Whentwo charges Q; and Q- are some distance apart, their field lines may appear to attract orrepel
each otherdepending on the nature (like/unlike) of the charges.

Distribution of Charges

When charge is distributed over the length, area, or volume of a conductor, it is called a continuous
charge distribution.

¢ Linear charge distribution — charge perunitlength of a wire, A = 4

l
e Surface charge distribution — charge perunit area of aconductor, o = 4

N

* Volume charge distribution — charge per unit volume of a conductor, p = %

Worked problem

Two pointcharges g4 = 3 uCandgp = —3 uC arelocated 20 cm apart in vacuum. (i) What is the
electric field at the midpoint O of the line AB joining the two charges? (i) If a negative test charge
of magnitude 1.5 x 10~ Cis placed at this point, what is the force experienced by the test
charge?

0Ois10 cm from each charge. The field due to +3 uC points away from A (toward B); the field due
to —3 uC points toward B as well — so the two fields add:

(9 x 10°)(3 x 10-6)

2= ER s (0.10)2

x 2 = 5.4 x 10° N/C, along OB

Forthe negative test chargeq = —1.5 x 10~? C placed at O, the force F = qE points opposite to E
—i.e.along OA (itis pulled toward the positive charge and pushed away from the negative
charge, both toward A):

F = (1.5 x10?)(5.4 x 10°) = 8.1 x 103 N, along OA

Answer: E = 5.4 x 105N/Calong OB; F = 8.1 x 103N along O A.

Worked problem

A polythene piece rubbed with wool is found to have a negative charge of 3 x 10~7 C. (i) Estimate
the number of electrons transferred (from which body to which). (i) Is there a transfer of mass
from wool to polythene?

Since wool becomes positively charged and polythene negatively charged, electrons are
transferred from wool to polythene.
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Massis transferred too, since each electron carries mass m, = 9.11 x 103! kg:

Total mass transferred = m, x n ~ (9.11 x 1073)(1.87 x 10'?) ~ 1.70 x 10~ ¥ k

Answer: About 1.87 x 10'2 electrons are transferred from wool to polythene. Yes, a mass of about
1.70 x 10~ *® kg is transferred along with them — thoughit is far too small to be of any practical
consequence.

Worked problem

Two identical conducting spheres A and B, with centres 50 cm apart, each carry a charge of 6.5 x
10~7 C. Athird identical but uncharged sphere is touched first to A4, then to B, and finally removed.
Whatis the new force of repulsion between A and B?

Touching the uncharged sphere to A splits A’s charge equally: each now carries ¢/2. Touching that
sphere (carrying ¢/2) to B (carrying q) shares their combined charge equally again, so each ends
up with:

So Aisleft with ¢/2 and B with 3¢/4:

po L @26y _ 1 3¢ _ (9x10)(3)(6:5 x 1077)?
dmeg r? dmey  8r? (0.50)2

F~570x103N

Answer: The new force of repulsionis about 5.70 x 1073 N.

Electric Dipole

If two equal and opposite charges are separated by some distance, they form an electric dipole. The
strength of an electric dipoleis called its dipole moment — the product of either charge and the
distance of separation between them.

Forcharges —qand +q placed a distance a on either side of a centre O (total separation 2a):

DIPOLE MOMENT

P =q(2a)

The direction of the dipole moment is from the negative charge to the positive charge.



Electric Field Due to a Dipole on the Axial Line

Consideran electric dipole of moment g made of charges —qg at A and +q at B, separated by 2a. Point P
lies on the axial line (the line through both charges), beyond the +¢ end, at a distance r from the centre
O of the dipole,sothat AP =r +aand BP =r —a.

Field at P due to the —q charge (pointing from P towards A):
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Field at P due to the +q charge (pointing away from B, same direction as p):
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Since BP < AP, E, > E;, and the two fields point in opposite directions, so the net field points along p:
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Writing 4kgar = 2kr(2qa) = 2kpr (since p = 2aq):
AXIAL FIELD (EXACT)
2kpr

Ea.xia,l = (1"2 = a2)2

For a point far from a short dipole (r > a), a? can be dropped next to 72, giving the usual short-dipole
result:

2kp

E axial ~ 3
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Electric Field Due to a Dipole on the Equatorial Line

Now let P lie on the equatorial line (perpendicular bisector of the dipole), at a distance r from the centre
O.Both charges are then equidistant fromP: AP = BP = v/r% + a?, so the two field magnitudes are
equal:

kq

B = FE> =
1 2 r2—i—a2

Resolving each field into components along and perpendicular to the axis: the perpendicular
components (E; sin @ and E, sin §) are equal and opposite, so they cancel; the components along the
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axis (Ey cos 8 and Es cos ) point the same way and add, where cos 6§ =

EQUATORIAL FIELD

B B 2kqa B kp
Eeq = 2B, cost = (r2+a2)32  (r?+ a?)3/2

Note: when adipoleis placedina non-uniformelectric field, the force on each charge differsin
magnitude at every point, so the dipole is neverin stable equilibrium there — it always remains unstable.

Dipole in a Two-Dimensional (Uniform) Electric Field

Consider adipole placed in a uniform field E making an angle 6 with the field. Equal and opposite
forces ¢F act onthe two charges, so the net forceis zero, but since they act at different points
separated by a perpendiculararm of 2a sin 6, they form a couple:

T = F1(0) + F>(2asinf) = qE(2asinf) = pEsin 0

TORQUE ON ADIPOLE

F=pxE

In a uniform field, F.o = 0, but the torque rotates the dipole to align it with the field.

Electric Potential Energy of a Dipole

Since atorque acts onadipole placedin a uniform field, work must be done to rotate it against that
torque, and this work is stored as electric potential energy.

dW = 1df = pE sin 0 df

Total work done torotate the dipole from 6, to 6s:
0

W = pEsinfdf = pE(cos 61 — cosbs)
61

Taking the reference angle 8; = 90° (so U = 0 there) gives the usual potential-energy expression
U(9) = —pEcosf = —p- E.

Behaviour of a Charged Particle in a Uniform Electric Field

A charged particle g enters, with initial horizontal velocity u,, aregion between two parallel plates
(bottom plate positive, top plate negative) where the field E points vertically upward, perpendicular to



itsinitial velocity. The particle deflects along the y-axis asit travels, tracing a parabolic path (just like
projectile motion).

T

Electric Field Due to a Charged Body (Ring)

Considerauniformly chargedring of radius a and linear charge density A = #. LetP beapointonthe

axis of thering at adistance z fromits centre. Every charge element dg on thering is the same distance

fromP:r = va? + z2.

Field at P due to an element dg:

k dg kX dl
dE = =
a2 o 332 a2 + .’132

Each dFE canberesolvedinto acomponent along the axis (dE cos ) and one perpendiculartoit (dE sin §
). By thering’s symmetry, every element has a counterpart elsewhere on the ring whose perpendicular
component cancelsit, so only the axial components survive and add up:

kXxdl &

Integrating dl around the full circumference 2wa (and using A - 2wa = q):

FIELD ON THE AXIS OF ARING

Electric Potential

Electric potential at a pointis the amount of work done in bringing a unit positive test charge from
infinity to that pointin the field, without acceleration.

w
e — e (unit: J/C, i.e. volt)
0



Potential is a scalar quantity — it may be positive or negative, but it has no direction.

Electric Potential Due to a Point Charge

LetPbeapointatadistance r fromacharge q. To find the potential at P, bring a unit test charge (¢o = 1)
frominfinity up to P along the field line. Since the test charge moves againstthe field, the displacement
and the field pointin opposite directions:

dW:F’-da?:qudaccoslSOo:——dx (gop=1)

POTENTIAL DUE TO A POINT CHARGE

Worked problem

A cube of side v/3 m has a charge of 1 uC at each of its eight vertices. Find the potential and the
electric field at the centre of the cube.

The centre O is equidistant from all eight vertices, at half the length of the cube’s space diagonal.
For a cube of side a, the space diagonalis found from the face diagonal (v2 a) and an edge:

AD:\/(\/ia,)z—i—az:\/ga — AOZ?&

Witha = /3 m, this gives AO = 1.5 m. Potentialis a scalar, so the potential at O is just the sum of
eight equal contributions:

kg  16kg  16(9 x 10°)(10°9)
AO  /3a 3

Vo =8 x =48 x 10° V

The field, however, is a vector sum. Each vertex has a diametrically opposite vertex on the other
end of a space diagonal through O, carrying an equal charge. The field contributions from any
such pair at the centre are equal in magnitude and point in exactly opposite directions, so they
cancel. Since all eight vertices pair up this way (four pairs in total), every contribution cancels and
the net field at the centreis zero.

Answer: V;, = 48 x 103 V = 48 kV, and E, = 0 (by symmetry).

Worked problem

Two charges, 4 x 1072 Cand —3 x 1079 C, are located 0.1 m apart. At what point on the line joining
the two chargesis the electric potential zero? (Take the potential at infinity to be zero.)



Let z be the distance from g4 = 4 x 10~ C to the required point, so the pointis (0.1 — z) fromgp =

—3 x 10~? C. The point must lie between the charges for the two (oppositely signed) potentials to
cancel:

k k
Vit V=0 = A4 B _g
95 0.1 —x
s A0 BRIl 4 3
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T 0.1 —z 95 0.1 — =z

04—4xr =3z — 04 =Tr — x:7z0.057m

Answer: The potential is zero at a point about 0.057 m fromthe 4 x 10~ C charge, between the
two charges.

Electric Potential Energy of a System of Two Point Charges

The electric potential energy of a system of point charges is the total work done in bringing all the
charges frominfinity to theirrespective positions. Consider two charges, ¢; and g., initially at infinity.
Bringing ¢; to its position A costs no work, since there is no field yet. Bringing ¢, from infinity to position
B, adistance r from A, against the potential set up by ¢1, costs:

1
W=gWi, W=g—-T
TEN i3

Thiswork done is stored as the potential energy of the two-charge system:

POTENTIAL ENERGY OF TWO CHARGES

U— kqiqo
=

Conductorin an Electrostatic Field

* Thenetelectric fieldintensity in the interior of a conductoris zero.

* The electric field just outside the surface of a charged conductoris perpendicularto that surface.
* Thenetchargeintheinterior of a conductoriszero.

e Chargeresidesonly onthe surface of the conductor.

e Electric potentialis constant throughout the entire conductor.

e The surface charge distribution may be different at different points on the surface.

Dielectrics

Non-conducting materials that do not have free electrons are called dielectrics.



Polarisation of a Dielectric

Polarisation of a dielectric is the process of inducing equal and opposite charges on the two opposite
faces of the dielectric on application of an external electric field.

Conservation Property of Electric Field

The work done in carrying a unit test charge between two pointsin an electric field isindependent of
the path taken — it depends only on the initial and final positions of the charge.

L . W
fEmz AB Ve — vy
q0

Note: if nidentical liquid drops, each at potential V, merge to form one larger drop, both the total
volume and the total charge are conserved, so the new radius is R = n'/3r and the new chargeis Q' = nq

V' =n??V

Relation between Electric Field and Potential

The electric field at a point equals the negative rate of change of potential with distance:

dav

F=_—_—
dx

Electric Potential due to a Dipole at Any Point

Consider adipole of moment gformed by charges —Q and +@Q separated by a distance 2a. Apoint Pis
atadistance r fromthe centre of the dipole, making an angle 6 with the dipole axis.

Dropping perpendiculars from the two charges onto the line joining the centre to P gives, forr > q, the
approximate distances fromeach charge to P:

r1 = AP ~r+acosf (distance from — Q)

ro = BP ~r —acosf (distance from + Q)

Potential at P due to the +Q charge of the dipole:

KQ KQ
.Vi: pr—
r9 r —acosf




Potential at P due to the —-Q charge of the dipole — since this charge is negative, its contribution to the
potentialis negative:

KQ KQ
‘/.2:——:——
1 r +acosf

Potential at P due to the dipole is the sum of these two:

KQ KQ
V=WVi+W= —
L r—acosf r+acosb

(G co=sIE R aicoslf I 2/ Oacosf
r2 — a2 cos? 0 72— qa2cos?f

= i)

Since the dipole momentisp = Q(2a), this gives the standard result:

POTENTIAL DUE TO A DIPOLE

Kpcosb
72 — a2 cos2 0

V=

Equipotential Surfaces

¢ Anequipotential surfaceis a surface at every point of which the electric potential remains the same.

e Theworkdonein carrying a test charge from one point to another on an equipotential surface is
zero.

e Theelectric fieldis always perpendicularto an equipotential surface at every point.

Foranisolated point charge, the equipotential surfaces are concentric circles (spheres, in three
dimensions) centred on the charge, with the radial field lines cutting every circle atright angles. Fora
dipole, the surfaces are no longer circular — they pinchin close around each charge and distort into
larger, rounderloops that enclose both charges as you move further away.

Electric Flux

Electric fluxis the number of electric field lines passing through a given area. Itis a scalar quantity, and it
may be positive, negative, orzero.

Areavector: area by itselfis a scalar, but an infinitesimally small area element is treated as a vector,
directed along the outward normal to the surface.

—

o g .
n—ﬁ, dS =dSn

Fluxis the product of the electric field intensity and the component of the area vector along the
direction of the field:



dop = E-dS = EdS cosf
* Areaplacedperpendiculartothe field (6 = 0°): d¢p = E dS, and the total flux¢ = EAis maximum.

* Areaplaced parallelto the field ( = 90°): the flux ¢ = 0is minimum.

Note: fluxis taken as outward (positive) when field lines leave a surface, and inward (negative) when
they enterit.

Gauss’s Law

The surface integral of the electric field intensity over any closed surface, in vacuum, equals 1 /g, times
the total charge enclosed by that surface.

GAUSS'S LAW

Proof: consider a charge gand draw a spherical Gaussian surface of radius r around it. At every point of
this surface, the field intensity and the area vector point in the same (radially outward) direction:

. N dS 3
i n=—

JOfE sl
r2 "’ ds’

Integrating both sides over the closed surface:

= o Kq din
?{E-dS’ZT—2 dsS = (471'7’2):—
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Note: Gauss’s law holds for any closed surface, but it can only be used to solve for E on surfaces with
enough symmetry (spherical, cylindrical, or planar). On anirregular surface the field intensity is not
constant over the surface, so the integral cannot be reduced to a simple product of E and the area.

Gauss’s law can be used to quickly find the electric field due to several standard, highly symmetric
charge distributions:

Electric Field due to a Long Line Charge



Consideralongline charge of length with a charge q uniformly distributed alongit, so that ¢ = Al. Draw
acylindrical Gaussian surface of radius r, coaxial with the wire.

At the curved surface of the cylinder, the field and the area vector pointin the same direction; at the
two flatend faces, they are perpendicularto each other:

dpeqge = £ dS cos90° + EdS cos90° = 0

dpcurved = EdS cos0° = EdS

Applying Gauss’s law over the whole closed surface:

]{E-dS:q— = E2nrl) = —
€0 €0

FIELD DUE TO A LONG LINE CHARGE

Electric Field due to a Uniformly Charged Spherical Shell

Let the shell have radius R and a uniform surface charge density:

o= —2
47 R?

Casel — point outside the shell (r > R): draw a spherical Gaussian surface of radius r, concentric with
the shell. At every point of this surface the field and the area vector pointin the same direction, so by

Gauss’s law:

2
f{E-dﬁz 94 _, Eanr) = 2O
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FIELD OUTSIDE A CHARGED SPHERICAL SHELL
oR?

E =
60T2

Casell — pointinside the shell (r < R): a Gaussian surface drawninside the shell encloses no charge,
SO:



FIELD INSIDE A CHARGED SPHERICAL SHELL

L=0 = ]{E’-d§=0 = E=0

Electric Field due to a Thin Infinite Sheet of Charge

Consider aninfinite plane sheet carrying a uniform positive surface charge density o. Take two points P
and P’ at equal distances on either side of the sheet, and draw a cylindrical Gaussian surface through
them, withiits axis perpendicular to the sheet, enclosing the whole sheet.

At the curved surface of this cylinder the field is perpendicular to the area vector, so there is no flux
there; at the two flat end faces the field is parallel to the area vector:

docurved = E dS cos90° = 0

Agaces = EdS cos0° + EdScos0° =2EdS

Applying Gauss’s law:

]{E a5 =1 :>2E]{d5——

FIELD DUE TO AN INFINITE SHEET OF CHARGE

e A
2¢e0

Electric Field due to a Thick Plane Sheet of Charge

Consider athick plane sheet of charge of thickness a, and a point P at adistance r fromits front face.
The field due to the sheet at this pointis:

)
2¢e0

Electric Field Intensity Due to a Thick Sheet of Charge

The electric field due to a charged sheet does not depend onits thickness. So for a thick (conducting)
charged sheet, the field at an external point P due to the back face still acts along the same direction as
the field due to the front face — the two add up.



FIELD OUTSIDE A THICK CHARGED SHEET

g o o
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Electric Field Intensity Due to Thin Sheets of Charge

Considertwo thin, parallel, infinite sheets of charge, sheet | (surface charge density o1) and sheet ||
(surface charge density o), facing each other. Three points are of interest: P (outside sheet |, to its left),
the region between the two sheets (point Q), and R (outside sheet I, toitsright).

Field due to each sheet alone, on either side of it:

o1 02
El s ) 2 —
280 260

Taking the direction from sheet | to sheet |l as positive, and adding the two fields with their correct
directions at each point:

e AtR(outside, beyond sheet Il): both fields point away from the sheets, in the same direction — Er =

B+ By — o1+ 09
260

e AtP(outside, beyond sheetl): both fields again point away from the sheets, but in the opposite

directiontoR— Ep = —(E; + E») = —01;—02

€0

¢ AtQ (betweenthe sheets): the two fields point towards each other, so they subtract — Eg = E; —

By ="

280

Capacitor

A capacitoris a device which can store alarge amount of charge and energy in a small space. The
charge givento aconductoris directly proportional to its potential:

qxV = q=CV = C’:%

where C'is called the capacitance of the capacitor.

Principle of a Capacitor

* |tisbasedonthefactthatacapacitorcanstore alarge amount of energy in a small space by placing
anuncharged, earthed conductor near a charged conductor.

e |tisbasedonthe phenomenon of electrostatic induction.
e Charge onthe plates of a capacitoris equalin magnitude and opposite in sign.

e Electric fieldintensity between the plates of the capacitor remains uniform, except near the edges
of the plates.



e |f adielectric of dielectric constant Kis filled between the plates, the field between the plates

q
becomes E,, = ——.
K(E(]A

Parallel Plate Capacitor

Aparallel plate capacitor consists of two parallel, plane sheets of charge (plates), each of area A,
separated by adistance d, with air/vacuuminitially filling the gap between them.

Electric field intensity between the plates:

o q
E = — = —
0 €o A€0

With potential difference V = Eyd, the capacitance of the parallel plate capacitoris:

CAPACITANCE OF A PARALLEL PLATE CAPACITOR (AIR/VACUUM)

_aC a o
CO_V_EOd_ d

The capacitance of a parallel plate capacitor depends upon:

* areaoftheplates, A
® separationbetweenthe plates, d

¢ the mediumbetweenthe plates

If a dielectric of dielectric constant K completely fills the space between the plates, the capacitance
becomesKtimesitsvacuumvalue: C = KC,.

Parallel Plate Capacitor with a Conducting Slab

Consider a parallel plate capacitor (plate area A, separation d, charge +q) with air/vacuum between the
plates. A conducting slab of thickness t (t < d)is now inserted between the plates without touching
either plate.

Since the field and charge inside a conductor are always zero, the field E due to the plates exists only in
the remaining (d - t) gap of air; it vanishes across the thickness of the slab. The potential difference
between the platesis therefore:

q

V= Eo(d—1t) = 5 —(d~1)

Sothe new capacitanceis:

CAPACITANCE WITH A CONDUCTING SLAB INSERTED
C q A€0 AEO C(]
Vv d-t d(1-%) 1-¢%




Dielectrics
Dielectrics are a special type of insulator which transmit electric effects without conduction.

Polar dielectric — a dielectric in which the centres of the positive and negative charge of amolecule
are naturally separated, so it has a non-zero dipole moment even with no external field.

Non-polar dielectric — a dielectric in which the centres of the positive and negative charge of a
molecule coincide, soit has zero dipole moment with no external field.

Note: when anon-polardielectricis placedin an external electric field, its charges begin to separate
until a stageisreached where the non-polar dielectric effectively becomes a polarone — it acquires a
temporary, induced dipole moment.

Note: this polarisation of charge sets up an electric field inside the dielectric that opposes the
direction of the applied field. So the net field inside the dielectricis:

where E is the applied (external) field and Ep isthe opposing field set up by the induced polarisation.

Capacitance of a Parallel Plate Capacitor with a Dielectric Slab

Consider a parallel plate capacitor of plate area A and charge +q, with field Ey = o/¢y = ¢q/(Ago) and
capacitance C, = ¢yA/d between the plates (air/vacuum). A dielectric slab of dielectric constant Kand
thickness tis now placed between the plates.

Polarisation of the dielectric sets up aninduced field opposing E , so the resultant (net) field inside the
dielectric slab drops to Ey/ K, while the field in the remaining air gap (of thickness d - t) stays E . The
potential difference across the platesis then the sum of the drop across the airgap and the drop
across the slab:

E t

giving the capacitance:

CAPACITANCE WITH A DIELECTRIC SLAB INSERTED
C — q N AEO N A80 N CO
Viierk dE-50-P)] 1-50-3)

Series Combination of Capacitors

e Capacitors are said to bein seriesif the second plate of the first capacitoris connected to the first
plate of the second capacitor, the second plate of the second is connected to the first plate of the
third, and so on.



e During this, the charge on each capacitorremains the same, but the potential difference across
eachisdifferent: V1, V5,...,V,.

e The equivalent capacitance of a series combinationis always less than the smallest individual
capacitance (charge same, V different, equivalent capacitance is minimum).

Let capacitors of capacitance C1, Cs, . .., C, be joined end-to-end (in series) across a source of
potential difference V. Each carries the same charge g, and the source potential splits across them:

q q q
V=Vi+Ve+Vs+.--+V,, Vi=—,Vo=—, ..., V= —
A =T n 1 oy 2 O, n c.
so that:
EQUIVALENT CAPACITANCE IN SERIES
11,11, 1
Cs C Cy Cs Cr

where Cjs is the equivalent capacitance of the series combination.

Parallel Combination of Capacitors

Capacitors are said to be in parallel if one plate of each capacitorisjoined at acommon point, the
second plate of eachisjoined at another common point, and these two points are connectedto a
source. During this, the potential difference across each capacitorremains the same, but the charge
oneachis different.

¢ Inaparallel combination, the equivalent capacitance is maximum (greater than the largest individual
capacitance), chargeis different across each capacitor, and Vis the same across each.

Let capacitors C;,C,, ..., C, be connectedin parallel across a source of potential difference V. The
total charge drawn from the source splits between them:

g=q1+q@+qg+ -+ qp, a=CV,q@=0V, ..., q=CV

Since g = CpV forthe combination:

EQUIVALENT CAPACITANCE IN PARALLEL

Cp201+02+03+“'+0n

where Cp is the equivalent capacitance of the parallel combination.

Worked problem

Find the charge and potential difference across each capacitorin the network shown, connected
toa 300 Vsource. The network has: C, =100 pF directly across the two main nodes; C,=200 pFin
series with C, =200 pF, also connected across the same two nodes (so this series pair forms a
second path alongside C ); and C, =100 pF in series with this whole combination, across the 300

V supply.



First, reduce the network step by step.

R L L . 100 F
Tn  ©h . ©h il oW < oy

C,andthe C,-C_series pair are both connected across the same two nodes, so they are in
parallel:

C, = C, + Cy3 = 100 + 100 = 200 pF

This combination C, isin series with C, across the 300 V source:

1 _1 . 1 _ 1 13 200
Cy C, ' Ci 200 100 200 @ gk

Total charge drawn from the source:

2
Q:CeV:ﬂ><300=2><104pF-V:2><10‘SC
4 3

This entire charge Q flows through C, (the single series element), and also appears across the
block C, as awhole:

Q 2 x 1078 Q 2x10°8
C, 100 x 1012 DL Vo C, 200 x 1012 L

Vi
(Check: V4 + V, =200 +100 =300V, the full supply.) Inside the block, C, (100 pF)and the C,-C,
series pair (100 pF) are equal, so the charge Q splits equally between them:
Q1 g

Q _; V. — 100V
= —=—1x108¢C = == 1 — 100
L T 0 100 x 1012

C,and C,, beingin series, carry this same charge:

G=@=1x10°C = V=2 =50V, =2—-5V
Cz 0’3

Answer: C:q=1x10°C,V=100V | C,;q=1x10°C,V=50V | C;:q=1x10°C,V=50V | C:q=
2x10°C,V=200V.

Worked problem

An electricianhas anumber of capacitors, each of 1 yF, and needs an equivalent capacitance of 2
MF. Give an arrangement to obtain this if the supply voltage is TkV and one capacitor can
withstand a maximum potential of 400 V.

Letnidentical 1uF capacitors be joined in series, so the 1000 V supply divides equally across
them, with each capacitor seeingat most 400 V:

1000
> > — =0
400 x n > 1000 = n > 100 2.5



Since nmust be awhole number, n = 3 capacitors are connectedin series per string (each then
sees about 333V, safely under the 400 V limit). The equivalent capacitance of one such series
stringis:

1 B 1
— ==+ -4+-=3 = Cyg=—-uF
+1+1 S 3,u

(The notebook continues this on the next page, combining several such 3-capacitor series strings
in parallel to build up the full 2 yF.)

Answer: 3 capacitors of 1 yF each, connected in series, form one string of equivalent capacitance
1/3 uF able to withstand the TkV supply safely.

Continuing a combination problem from the previous page: identical 1 yF capacitors are groupedinto
rows of three in series, and several such rows are placed in parallel, to build up arequired equivalent
capacitance of 2 yF.

1
@ — 3 uF  (three 1 uF capacitors in series, per row)

Suppose m suchrows are connected in parallel. For the combination to equal 2 pF:

So 6 rows of 3 capacitors each are needed:

Number of capacitors =6 x 3 (m x n) = 18

Wheatstone Bridge of Capacitors

Five capacitors canbe wired into a bridge, exactly like aresistor Wheatstone bridge. C; and C; form the
top arms (A to a midpoint C, then Cto B), C5 and C, form the bottom arms (A to a midpoint D, then D to
B), and C; bridges the two midpoints C and D.

The bridge is balanced when:

BALANCE CONDITION
¢ G
C, C,

* No charge sits onthe bridging capacitor C5, so it can simply be removed from the circuit.

e Thetwomidpoints, Cand D, are then at the same potential: Vo — Vp = 0.

Worked problem
The network below is a balanced bridge. Find the value of z.



From the input terminal A, two capacitors 2 and 4 in parallel (giving 6) lead to a top midpoint; from
A, two 2 uF capacitorsin series (giving an equivalent of 1) lead to a bottom midpoint. An uncharged
bridging capacitor connects the two midpoints. From the top midpoint, capacitors 3and zin
parallel (giving 3 + z) lead to the output terminal B; from the bottom midpoint, a single capacitor 4
leads to B.

Applying the balance condition:

3+

24 =3 +=x

Answer: ¢ = 21

Capacitance of Infinite Ladder Networks

Worked problem

Find the equivalent capacitance of the network shown: a first branchis a single capacitor C; a
second branchis two capacitors C'in series; a third branchis four capacitors C'in series; and so on,
doublingeachtime (8, 16, ..., without end), with every branch connected in parallel between the
same two rails.

Each branch of 2" series capacitors C'is equivalent to C' /2", so the branches are
c, C/2,C/4, C/8, ... allinparallel:

c C (¢
CE—C+E+Z+§+“'

Thisis aninfinite geometric series with first term C and common ratio % (sumSo =a/(1—1)):

@
T

Cg =

N[ =

Answer: Cg = 2C

Worked problem
A6V sourceis connectedto aladdernetwork that repeats forever: a 2 yF capacitorin series along

the toprail, then a1l uF capacitor as a shunt down to the bottomrail, then another 2 yFin series,
another1uF shunt, and so onwithout end. Find the capacitance of the whole network.

Let the capacitance of the infinite network, as seen by the source, be z. Because the ladder
repeats forever, removing the very first 2 uyF-1yF section leaves a network that s stillidentical to
the whole thing — still z. So the whole network is just the first 2 yF in series with (the first 1yF in
parallel with another copy of the whole network, z):



Cross-multiplying:
204 2)=2(x+3) = 224+2-2=0 = (z+2)(z—1)=0

givingz = 1 orz = —2. Capacitance cannot be negative, so:

Answer:z = 1 uF

Potential at an Interior Point of a Series Combination

Worked problem

Terminal Aisheld at 1000 V. A 3 uF capacitor connects Ato a point P, and a 2 uF capacitor
connects P to terminal B, which is grounded (O V). Find the potential of P.

The two capacitors are in series, so the same charge sits on both:

101 1 6
il — ~ uF
c 3ty 7 C=5¢

I
[
+
[

6
q:CV:gx1000:1200uC

The same charge sits on the 3 yF capacitor (between A and P) and on the 2 uF capacitor (between
P and B):

q= Cl(VA — Vp) = 1200 = 3(1000 — Vp) = Vp =600V
q= Cz(Vp — VB) = 1200 = 2(Vp — 0) = Vp=600V

Answer: Vp = 600 V, consistent both ways.

Energy Storedin a Capacitor

The work done by a source charging a capacitoris stored as electrostatic potential energy. At some
stage the capacitor already carries charge ¢, at potential V- = ¢/C. Bringing a further small charge dgq
ontoit costs a smallamount of work:

dW:qu:%dq

Adding up this work from zero charge up to the final charge Q gives the total work done, whichis the

energy stored:



1 (¢ 1 (Q? 2
W=6/0 qdq:a(%) :;2_0
ENERGY STORED IN A CAPACITOR
2
Using @ = CV, this can equally be written as:
U= %CW

When a battery of EMF V' charges aninitially uncharged capacitor through a connecting wire, the total
work done by the batteryis W = QV = CV?, twice the energy that ends up stored. The restis lost as
heatin the (unavoidable) resistance of the connecting wire, however small that resistanceis:

WORK DONE BY THE SOURCE

1
W:§CV2+H

1
Heat loss H = ECVZ

SoW = 1CV? + 1CV? = CV? = ¢qV: while charging a capacitor, exactly 50% of the source’s energy is
storedinthe capacitor, and the other 50% is always lost as heat in the connecting wire.

Energy Storedin a Series Combination of Capacitors

For capacitors €y, Cs, Cs, ... in series across a source V, the same charge Q; sits on every capacitor,
and:

Lo
R ew e C

Total energy stored, written using the series capacitance:

2 271 1 1
— QS :% —_— Y — 4+ — + .-

E 2C, 2 |C1 Cy (s

E

@ e @

2Ch 2Cy 205 T

andsince Q, is the charge on every individual capacitor too, each termis just that capacitor’'s own
stored energy:



E=E, +Ey+E3+---

Energy Stored in a Parallel Combination of Capacitors
For capacitors in parallel across the same source V,C, = C; + Cy + - - -, and:

1 1 1 1
E:zzic%vﬁiz Evﬂ(CH‘FCE'+"')2351/%71+'5vﬁca'+"'

E = E]. + E2 + oolo
Inboth series and parallel combinations, then, the total energy stored is simply the sum of the energies

that would be stored in each capacitoronits own, for the same capacitance values and the same
source.

Energy Density of a Parallel-Plate Capacitor

Energy stored perunit volume of a parallel-plate capacitoris called its energy density:

Energy Stored ~ 3;CV?
Volume of capacitor A -d

Energy Density =

SubstitutingC = ¢gA/dandV = Ed:

ENERGY DENSITY

Common Potential

Consider two conductors A and B, holding charges ¢; and ¢» at potentials V1 and V; (say V1 > 143), with
capacitances C; and C,. The total charge, before anything is connected, is:

q = C1Vi + CoVs

Now join A and B with a connecting wire. Charge flows from the higher potential to the lower one, from
Ato B, until a stage is reached where both conductors are at the same potential, the common potential
V. Atthat point each conductor’s chargeisjustits own capacitance times V:

d =CiV+CV = (C1+Co)V

By conservation of charge, this must equal the original total charge:



(C1+C2)V = CiVi + Co Ve

COMMON POTENTIAL
v — C1V1 + Ca Vs
o Cl + Cz

Loss of Energy During Charge Sharing

Total energy before sharing:
1 1
E; = 5011/12 + 5021/22

Total energy after sharing, using the common potential:

(C1 V1 + CyV,)?
2(01 + Cz)

1

Thelossinenergy, AE = E; — E¢, simplifies to:

LOSS OF ENERGY ON SHARING
2
GG (i — W)

AFE
2(C1 + ()

This energy is never negative, anditis zero only when V; = V; to begin with: itis dissipated as heatand a
brief sparkin the connecting wire.

Worked problem
Find the charge across each capacitor: a1200 V source connects through a 4 yF capacitorto a
node that holds a 2 yF capacitor and a 3 uF capacitorin parallel, the far side of whichis grounded.

(The notebook’s worked solution for this one continues past the pages captured in this excerpt.)

Solving Capacitors Filled With Two Different Dielectric Media

When a parallel-plate capacitoris filled with two different media (or splitinto separate regions), it
reduces to a series/parallel combination depending on how itis split:

e Areadivision — splitting the plates side by side (same separation, different areas) is equivalent to
two capacitorsin parallel.

¢ Distance division — splitting the gap into layers along the separation direction (same area, each
layer a fraction of the separation) is equivalent to two capacitorsin series.

* Bothtogether — splitting by area and by distance at once gives a combination of series and parallel
capacitors.



Worked problem

Fouridentical plates, each of area A, are arranged with separation d between every pair of
consecutive plates, as a parallel-plate capacitor. Find the equivalent capacitance for each of the
two connection schemes shown, (a) and (b).

In (a), the four plates are wired so that the stack behaves as two identical capacitors of
capacitanceeyA/din parallel;in (b), they are wired so that it behaves as three such capacitorsin

parallel.
2€0A
(a’) O - d
. 3€0A
(b) 0 ==

Answer: C,) = 2e0A/d, Cp) = 3e0A/d

Star-Delta Method for Capacitor Networks

Some capacitor bridges are not balanced and cannot be reduced by plain series/parallel steps. One
way throughis to redraw three capacitors that meet at a common point (a “star”, or Y) as an equivalent
triangle of three capacitors directly joining their three outer nodes (a “delta”, or A), which removes the
shared point from the circuit entirely.

Worked problem

Terminals Aand B are joined by a1 uF capacitorin series with a 3 uF capacitor (through a midpoint
Montop), by a 3 uF capacitorin series with a1l yF capacitor (through a midpoint N on the bottom),
and by a bridging 4 uF capacitor directly between M and N. Find the equivalent capacitance
between AandB.

The three capacitors meetingat M — 1 uF (to A), 3 uF (to B), and 4 uF (to N) — form a star. Converting
to the equivalent delta directly joining A, Band N (for a star of C, Cs, C3, each delta side is
CiC;/(C1+ Cy + C)):

Cap=—"F—=72 Ouyn= ——— == == Cpy = — == — 22 _

_1x3 3 _1x4 4 1 _ 3x4 123
T 143+4 8 1+3+4 8 2’ 1+3+4 8 2

Mhas now been eliminated. The new C 5 and Cpy sitin parallel with the original bottom-arm
capacitors between the same pairs of nodes (3 yF between Aand N, 1 uF between N and B):

1 3 5
Cffztval=§+3=— Cg’zt\?1=§+1=§

These two are in series, forming a path from A to B through N, which then sits in parallel with the
directCyp = 3/8:



1 2 2 24 35

Cve 775 35 ANB = 54
o 3.3 _9 3 4
“UTT8 24 24 24 24

11
Answer: C,, = 5 uF

Worked problem

Equal charges g are placed at each vertex A, B, C of an equilateral triangle of side |, and a charge Q
is placed at the centroid O. Find the net force on Q.

Let D be the midpoint of BC, so AD is a median of the triangle.

2 V3
AD =4/12 - — = —
4 2
Since Oisthe centroid, it divides each medianin the ratio 2:1from the vertex:
2 l
AO = —-AD = —
3 V3

By symmetry, AO = OB = OC, so the force of repulsion between each vertex charge and Q is the
same size:

FORCE BETWEEN Q AND EACH VERTEX CHARGE

3kQq
2

Foa = Fop = Foc =

Fogand Focactat120° to each other (the angle .BOC). Theirresultantis:
Fpo = \/F(Z)B + Fgc + 2FopFopc cos 120° = Fpp

Thisresultantis equalin magnitude to Fop and points directly opposite toit, so the net forceon Q
is zero.

Fret = Fpc — Foa =0

Answer: The net force on Qis zero, by the symmetry of the configuration.

Worked problem

Charges +q, +q are placed at the two base vertices of an equilateral triangle of side |, and a charge
-gisplaced at the apex. Find the force on each charge.

Every pair of chargesis separated by the same distance |, so every pairwise force has the same
magnitude:

Force onthe apex (-q) charge: itis attracted toward each base charge along the two sides of the
triangle, and these two attractive forces meet at the triangle's apex angle of 60°.



FORCE ON THE -Q CHARGE

2
5l = \/F2-|—F2—|—2F2c0560° :\/gkl—g

Itis directed straight from the apex toward the midpoint of the base.

Force oneachbase (+q) charge: itis attracted toward the apex along one side, and repelled
away from the other base charge along the base. These two forces act at120° to each other.

FORCE ON EACH +Q CHARGE

Fiqy=\F?+ F?+2F2cos120° = =

Answer: The apex charge feels a force v/3 kq? /12 pulling it toward the base; each base charge
feels a smaller force kq? /1 pushing it outward, away from the triangle.

Current Electricity

The flow of electric chargesina conductor constitutes an electric currentin the conductor. The
charged particles that carry this currentin solids, liquids, and gases are known as current carriers.

Electric currentis the rate of flow of charge through the cross-section of a conductor:

ELECTRIC CURRENT

9 ne

where nis the number of electrons crossing the cross-section of the conductorintime t.

Note: although current has a magnitude and a direction, itis a scalar quantity — it does not obey the
laws of vector addition. Net currentis found by simple algebraic addition.

Types of Current

e Steady direct current: magnitude and direction do not change with time.
¢ Varying (variable) direct current: magnitude changes with time, but polarity stays the same.

¢ Alternating current: magnitude changes with time and polarity reverses periodically, i.e. aftera
regularinterval of time.

Current that neverreverses polarity is called direct current (DC) — this covers both steady and varying
current of the same polarity. Current whose polarity reverses periodically is called alternating current
(AC).

Drift Velocity

Inthe absence of an electric field, the average thermal velocity of the free electronsina conductoris
zero. When an electric field is applied across the conductor, all the electrons drift against the field.



The velocity with which the electrons of a conductor drift from lower to higher potential (i.e. against the
electric field) is called the drift velocity, or drift speed.

The drift velocity of an electronin a conductor, about 1072 to0 10~ m/s, is extremely small — but its
effectis felt almost instantly because the electric field itself is established across the conductor at
close to the speed of light, 3x108 m/s.

Expression for Drift Velocity

Consider a conductor of length land cross-sectional area A. In the absence of an electric field, let
U1, us, Us, - . - , Uy € the random thermal velocities of the free electrons. Being randomin direction,
these average to zero:
Uy + Uy + -+ Un

n

=0

Inthe presence of an electric field, every electron picks up an additional velocity against the field. For
an electron of charge -e:

eE

m

—

F=ma = —eE=md = d=—
The negative sign shows that the electrons accelerate opposite to the direction of the electric field.

If T,is the time since the i-th electron’s last collision, its velocity becomes 4; = 4; + @ T;. Averaging over
allnelectrons gives the drift velocity:

I e T e e e e q(T1+T2+---+Tn> .
|4 + ad —ar

d: =

n n n

=0

'+ Ty +---+T, . . . , . _—
! 2 ~ is the average time between collisions — the relaxation time. Substituting

wherer =
n

a.

DRIFT VELOCITY

Relation between Current and Drift Velocity

Consideraconductorof length |, cross-sectional area A, and volume V = Al. If nis the number of free
electrons perunit volume, the total number of free electronsin the conductoris nAl, so the total charge
they carryis g = neAl. All these electrons cross the conductor's cross-sectionintime t, so the currentis:

I:g:neAl
t t

CURRENT IN TERMS OF DRIFT VELOCITY

= neAVy

I =neAVy



Ohm's Law

The current flowing in a conductoris directly proportional to the potential difference developed across
it, provided the physical conditions (such as temperature) remain constant and there is no mechanical
strainin the conductor.

IxV = VxI = V=IR

where Ris the electrical resistance of the conductor.

Ohmic Devices

For ohmic devices, the V-1 graphis a straight line through the origin, so the ratio V/l is constant. This
constantratiois also called the static resistance.

Non-Ohmic Devices

Fornon-ohmic devices, the V-1 graphis not a straight line — it may flatten out (saturate) or curve sharply
upward, depending on the device. The slope of anon-ohmic V-l curve at a point gives a variable
resistance, also called the dynamic resistance.

Derivation of Ohm's Law from Drift Velocity

Consider a conductor of length land cross-sectional area A, connected to a source of emf. A potential
difference develops across the conductor, and all its free electrons move from the negative to the
positive terminal with drift velocity Vq. Starting from | = neAVq and substituting Vq = eET/m:

2
I — ned (eET) _ne AET
m m
UsingE=V/I:
7 ne?Ar V B ne?AVr
m I ml

Rearranging for V:

ml
— I =RI
v (neZAT) R

RESISTANCE, FROM THE DRIFT-VELOCITY MODEL

ml
B=el
ne2Ar

SoRisdirectly proportional to length and inversely proportional to area:

1 m
R x I, Rocz, p—nezT

pis constant for a given material and does not depend on the conductor's dimensions (length orarea
of cross-section). Itis a property of the material itself, called the resistivity or specific resistance.



Effect of Stretching a Wire on Resistance

(1) If awire of resistance Rand lengthlis stretched so thatits length becomes ntimes the original (its
volume stays the same), the new resistanceiis:

WIRE STRETCHED TO N TIMES ITS LENGTH
R =n’R

Proof: with R; = pl1/A; and Ry = ply/ Ay, and s = nl;. Since the volume isunchanged, A;l; = Asls, SO
AI/AQ — l2/l1 — nThen

Ry I Ay 1 1 1

Rz lg A1 n n n2 2 !

(2) If instead a wire of resistance Ris stretched so that its radius (diameter/thickness) becomes 1/n
times the original —i.e. the radius scales down and the length scales up to keep the volume constant —
the newresistanceis:

WIRE STRETCHED SO ITS RADIUS SCALES BY A FACTOR N (VOLUME CONSTANT)
R
R ==
n4
Proof: with R, = pl, /A, Ry, = ply/ Ay, andry = nr;. Volumeis conserved, [y A; = 1,A4,,501,/l, = Ay /A =
r2/r? = n? Then:

B _ L Ay a2 o R
R2 l2 Al

Electrical Conductivity

The reciprocal of the resistivity of a conductoris calledits electrical conductivity.

1
o= -

P
Conductance

The reciprocal of electrical resistance is called conductance.
1

C=z

Current Density

The current flowing per unit area of cross-section of a conductoris called the current density.
I

J=7

Mobility of Charge Carrier



The drift velocity perunit electric field is called the mobility of a charge carrier.

_Va
=g

Relation between Electric Field, Conductivity and Current Density

Starting from|=neAVy:

I
—=neV; = J=neV;
A
Substituting V4= eEr/m:
)
J— ne“ET
m

MICROSCOPIC (OHM'S LAW) FORM

Effect of Temperature on Resistance

From R = ml/(ne’Ar), resistance depends on the relaxation time T: R increases with temperature T, and
Risinversely proportionaltoT.

1
RxT, R x —
-

When the temperature of a conductorincreases, the relaxation time decreases (more frequent

collisions) and so the resistance increases.

RESISTANCE AT TEMPERATURE T

Rt = Ro(]. + aAT)

o= R: — Ry
 RyAT
where:

* a=temperature coefficient of resistance
* Rp=resistanceat0°C

* R;=resistance at the unknown temperature

e Metals: ais positive (T so R1).

Semiconductors: ais negative (T so RY).

Alloys: ais positive, but very small.

Electrical Energy and Power

The work done by a source to maintain a currentin an electric circuit is known as electrical energy. Fora
resistor R carrying current | with potential difference V acrossit, the charge transferredintime tisq = It,
sothework doneis:



q=1It

ELECTRICAL ENERGY

W=Vq=VIt

This work done is equal to the electrical energy consumed in the circuit.

Vit
The electrical energy consumed by a deviceintimetis E = VIt = I’Rt = R The S.I. unit of electrical

energy isthejoule (J).

Electric Power

Electric poweris the rate of doing electrical work.

E V2
P=—=VI=IPR=—
t R

The S.1. unit of electrical poweris the watt (W).

Cell

Acellis adevice which provides the necessary potential difference to an electric circuit to maintain a
continuous flow of currentinit.

EMF (Electromotive Force)

The EMF of a cell may be defined as the potential difference between the terminals of the cellwhenno
currentis drawn fromthe cell.

Terminal Potential Difference

The terminal potential difference of a cellis defined as the potential difference betweenits terminalsin
aclosedcircuit (i.e. when current is drawn from the cell).

Internal Resistance

Theinternal resistance of a cellis defined as the opposition offered by the electrolyte and electrodes
of a cell to the flow of current throughiit. Itis denoted by r and mainly depends on the nature of the
electrolyte and electrodes of the cell. A cell of EMF E and internal resistance ris represented by the
usual cell symbol drawnin series with a resistorr.

e Direction of conventional currentinside the cellis from the negative to the positive electrode,
whereas outside the cellitis from the positive to the negative electrode.
¢ |Internalresistance of a cellincreases with the passage of time and usage of the cell.

* Internalresistance of a cellincreases with a decrease intemperature.



Relation Between Terminal Potential Difference and EMF

Acellof EMF E and internal resistance r is connected to an external resistance R, forming a closed
circuit. The potential difference across the terminals of the cell is called the terminal potential

difference.

R,=r+R

Since iR =V, multiplying through and rearranging:

ir+iR=F = ir+V=F

TERMINAL POTENTIAL DIFFERENCE
V=F-—ir

* V < E:currentis being drawn fromthe cell, circuitis closed.

e V =F == 0:circuitisopen.

e V > E:thishappens during the charging process. During charging, the direction of current through
the cellisreversed,soV = E — (—i)R = E + iR.

V=E+iR (V > E, charging)

Maximum Power Transfer Theorem

If the internal resistance of a cellis equal to the external resistance of the circuit, the cell delivers
maximum power to the circuit. This is called the maximum power transfer theorem.

) E
Z:
r+ R
Whenr = R;
£
=R
E2
Pmaa:: '2R__
’ AR




Series Combination of Cells

ncells, each of EMF E andinternal resistance r, are connected in series with an external resistance R.

e EquivalentEMF=nFE
* |nternalresistance = nr

e Totalresistance=nr + R

TOTAL CURRENT

nk
- nr+R
. E FE
o Ifnr>R(le. Rm0)i=m =2
nr r
E
* |fnr<<R(i.e.nrz0);i:%

Parallel Combination of Cells

Cells are said to be in parallelif the positive terminal of each cellis connected to one common point
and the negative terminal of each cellis connected to another common point. n such cells, each of EMF
E andinternalresistance r, are connected through an external resistance R.

. T
e Totalresistance= — + R
n

TOTAL CURRENT

Kirchhoff’s Junction Law

The algebraic sum of currents meeting at ajunctionis zero.

Y I=0

e Current coming toward a junctionis equal to the current going away from the junction.

e Current coming toward the junctionis taken as positive, and current going away from the junctionis
taken as negative.

Forexample, at ajunction where currents iy, is, i3 flow in and currents 44, 75 flow out:

t1+io+i3—t4—i5=0



Kirchhoff’s Voltage Law

Inany closedloop, the algebraic sum of potential differencesis equal to zero.

SR S is=(

Or,inany closedloop, the algebraic sum of the products of resistance and currentis equal to the
algebraic sum of the EMFs of that loop.

Y IR=)E

Sign Convention

Resistor (current flows from A to B through resistance R):

e Travelling AtoB (alongthe current): IR = +wve

e Travelling Bto A(opposite tothe current): IR = —wve

Cell (travelling from the negative terminal A to the positive terminal B):

e Travelling Ato B (negative to positive terminal): E = +wve

e Travelling Bto A(positive to negative terminal): E = —ve

Worked problem

Using Kirchhoff’s laws, determine the currents I, I, and I5 for the network shown below.

Three branches connectanode Mto anode C: branch1carries current I; througha 24V celland a
2 Qresistor; branch 2 carries current I, through a 27V celland a 6 Qresistor; branch 3 carries
current I3 through a4 Qresistor. By the junctionlaw atM, I, = I, + I3.

Applying KVL to the loop through branches Tand 2:

(M
i e I R 6T, — =3

Applying KVL to the loop through branches 2 and 3:

(2)
S L Gy — Ay = 1) = (i Vg — =0

Substituting I; = I, + Iz into (1):

2([2 + I3) +6l,=—-3 = 8, +2I3=-3

Multiplying by 2 and adding to (2): 161, + 4I; = —6,and 61, — 4I; = —27, giving 221, = —33.



Answer: I, = —1.5A, I3 =4.5 A,andI; = I, + I3 = 3 A. The negative sign on I means it actually
flows opposite to the direction assumed in the figure.

Worked problem

Determine the current in each branch of the network shown in the figure.

Nodes A, B, Dsit at the points of adiamond, each joined to Aby a4 Q branch (A-B carrying I, A-D
carrying I — I,); adiagonal branch straight across the middle (A-C) carries a10 V cellin series with
1Qandcurrent I,. From B and D, 2 Q branches runin to the same midpoint C (carrying I, + I; and

I, — I, — Iz respectively), and plain connecting wires carry Is on from B and from D to a point E,
where a5V cellcloses the loop back to C.

Applying KVL to three independentloops of the network:

(1)
I + 61, + 213 =10

(2)
7I1 - 6.[2 - 2I3 = 10

(3)
—2I1 —|— 4I2 + 4[3 = 5

Adding (1) and (2) eliminates I, and I3:

81 =20 = I; =25A

Substituting I; = 2.5into (1) and (3):

6.[2 + 2.[3 = 75 and 4.[2 + 4I3 = ].0

Solving these two equations simultaneously (multiply the first by 2 and subtract the second):

1215 + 415 = 15, 41> +4I3 =10 = 8, =5

1
Answer: I, =25A I, = g A=0.625AandI; = §5 A =1875A.

Wheatstone Bridge

AWheatstone bridge has fourresistance arms arranged between fournodes A, B, C, D: arm AB has
resistance P (current I;), arm BC hasresistance Q (current I; — I,;), arm AD hasresistance R (current I —
I),andarm DC hasresistance S (current I — I + I,). A galvanometer carrying current I, is connected
between B and D, and a cell (with a key) drives a total current I into Aand out at C.



Applying KVL to loop ABDA:

(1
@SR — @I LP— (I I)R

Applying KVL toloop CDBC:

(2)
(L-L)Q-(I-L+I)S—I,G=0 = (L, —I)Q—-I,G=(I-1,+1,)S

Theresistance Ris adjusted so that, on pressing the key, the galvanometer shows no deflection — the
bridge is then said to be in the balanced condition, and no current flows through the galvanometer, i.e.
I,=0.

g

Putting I, = 0in (1) and (2):

(3)
I1P = (I i Il)R

(4)
5@ = (U = J6S)

Dividing (3) by (4):

BALANCE CONDITION OF THE WHEATSTONE BRIDGE
P R
@)




